LOGISTIC REGRESSION:




An Introduction to Logistic Regression

14
e Logistic regression is a supervised learning P(Y =1 | x) — U(X ,3)
algorithm used for classification.

Logistic Regression: Decision Boundary
m

e It models the probability that an observation
belongs to a given class, conditional on its

features. 2
e Itis alinear model at its core: the decision = gy i
boundary it learns is a hyperplane in the e I S B B A
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feature space.



From Linear Regression to Classification
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Logistic Regression: Valid Probabilities
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Important Assumptions for Logistic Regression

1. Independence of Observations
n
P(¥is ¥ v ¥n) = | | POR)
i=1

2. Linear Decision Boundary

Pi
1 —pi
3. Binary Outcomes

Y; € {0,1}, Y; ~ Bernoulli(p;)
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Deriving a Loss Function:
Step 1 - Maximum Likelihood Estimation

Bernoulli PMF (Probability Mass Function): Joint Probability of entire dataset:

P(Y: = yi | x:) = pl'(1 —p)' ™ o | G
2 7

y=1: p;(1-p;)° =p;
y;=0: p;(1—p;))' =1-p;
Goal:

B = arg max L(B)
B

(This product form is mathematically inconvenient. Next, we will take the log.)



Maximizing the Likelihood is Computationally Inefficient

Numerical Underflow: The Likelihood Product Collapses to Zero

Likelihood Surface over Coefficient Space
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Deriving a Loss Function:

Step 2 - Log Likelihood

A

B = argmax L(B) = argmax log L(3)
B B

log is strictly monotonically increasing — argmax is preserved

=log | [ p¥' (1 —pi)* ¥ Zlog (d —~p:) ]
1=1

n

= [yilogpi + (1 — ;) log(1 — pi)



Same Peak, Stable Scale: Likelihood vs Log-Likelihood
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Deriving a Loss Function:
Step 3 - From Log-Likelihood to a Loss Function

Negate the log-likelihood and reformulate to find a minimum:
arg max /() = argmin — £(3)
B B

Divide by n to ensure minimization is not affected by dataset size (Binary
Cross-Entropy Loss):

7(8) = ~1 3" ilogp, + (1 - y) log(1 o)

Or simply:

_ J—logp; ify; =1
J(B) = {—log(l —pi) ify; =0



Loss contribution

Binary Cross-Entropy: Loss Contribution per Observation

yi=1: Loss = —log(p;)

yi=0: Loss

—log(1 — pj)
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The Linear Score is Not Enough

Linear Score z=x"8
Unbounded: Not a Valid Probability

z2=Po+Prx1+ Paa+ -+ B =xTB | |[Tilee

-=--- Lower bound (p = 0)
Invalid region

z € (—oo,+00) but weneed p € (0,1)

Output value

We need f(z) such that:

(1) 0<f(2)<1l VzeR
(2) f'(2) >0 (monotonically increasing)
(3) f'(2) exists everywhere (differentiable)



Introducing: The Sigmoid

Derived from the log-odds assumption:
o(z) = : p e” 1
o -2 ]_0 = N —_ ==
ol g1—p 5 1+ e 1+ e
Satisfies all requirements: Derivative of the Sigmoid:
e % 1 e *
(1) o(z) € (0,1) VzeR ¢'(z) =

(1+ e?)? T 1te* lte-
(2) o'(2) >0 VzeR — a(2) (1 — o(2))

(3) o'(2) = o(2) (1 - o(2))
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Putting It All Together: BCE & the Sigmoid

Binary Cross-Entropy Loss Surface
Convex in B: One Global Minimum

7(8) = ~1 3" (witogpi + (1 1) log(1 — )

1
pi = 0(z;) = [+ e=’ Zz'=X?ﬂ
J(B) = —% [yiloga(x] B) + (1 — yi) log(1 — o(x{ B))]
=1

A

B = arg;nin J(B)

J(PB) is convex in B — gradient descent finds the global minimum



Finding the Minimum: Gradient Descent
e Gradient descent is an iterative optimization algorithm.

e The gradient tells us the direction of steepest ascent. We move in the
opposite direction to descend.

e The size of the step is controlled by the learning rate, a hyperparameter that
balances convergence speed against stability.

e Gradient descent iterates until the loss stops decreasing meaningfully, or a
maximum number of iterations is reached.



Gradient Descent: Update Rule Formulation
B = Y — av,a7(8Y)
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Gradient Descent on the BCE Loss Surface

Gradient Descent Trajectory

on Loss Surface Loss Convergence Over Iterations
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Thank you!



